
(4.1) Applications of Differentiation : Maxima / Minima

10-18-2017 class notes

Main Idea

At points where function has peaks and valleys (aka critical values)
Either derivative is ZERO or derivative is UNDEFINED

Also, the peaks and valleys may be local extrema (maxima or minima)
or they may be it global extrema.

FACT: Absolute minimum and maximum WILL exist if function is CONTINUOUS on a
CLOSED interval.

In the next page you will see that if function is not continuous then absolute
maximum may not exist.

Fermat’s theorem: f has a local extremum at x = c, and f ′(c) exists
=⇒ f ′(c) = 0.

Note that converse need NOT be true!
f ′(c) = 0 is possible without function being maximum or minimum there

Idea of proof: If f(c) is bigger than all nearby values,
(i.e, we have a local maximum) then at x = c tangent has to be horizontal.

Similarly if f has a local minimum.
(If f ′(c) > 0 then function is increasing at c and if f ′(c) < 0 then

function is decreasing at c and in either case you will not have local
maximum or minimum).
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EXAMPLE

The critical numbers are x = 1, 2, 3, 4, 5 and 6.
x = 8 is NOT a critical number because

derivative is neither zero nor undefined there.
The absolute minimum value of y = f(x) is at x = 6 and it is about 0.5.

There is no absolute maximum for this graph in [0,8] because the function is
going to infinity near zero but if you take any subinterval [m,8] where m is not

0 but less than 8 then you can get an absolute maximum.
This doesn’t contradict the FACT because the function is not continuous at 0 and also at 4.

GENERAL PROCEDURE TO FIND EXTREMA
First find critical points by looking at where f ′(x) = 0 or f ′(x) DNE.

In other words, solve f ′(x) = 0 for x or see where f ′(x) cannot be found.
Usually f ′(x) DNE if f(x)→∞ or is discontinuous or has a pointed edge.

Once you find x where f ′(x) = 0 you can check whether they are local maxima or minima
by looking at values to left and right and seeing whether function is increasing and then

decreasing or decreasing and then increasing.
[ Note, though, that you can find absolute max/min without finding whether a critical

number is local max/min].
To find absolute max/min, compare values of f(x) at critical numbers as well as boundary

points and see which is the highest and which is lowest.
Example in next page will help you understand this better.
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Problem 4.1.48:

Find the absolute maximum and absolute minimum of
f(x) = 5 + 24x− 2x3 in [0,4].
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4.2: Rolle’s theorem and Mean Value Theorem

Main Idea

Rolle: If f(x) starts and returns to same value,
it has to turn around somewhere in between

MVT: One of the tangents has same slope as the secant

CONDITIONS: f must be continuous in the closed interval [a, b] and differentiable in the
open interval (a, b).

Idea of Proof

Rolle’s Theorem: If f(a) = f(b) then either f(x) = f(a) = f(b) throughout the interval
[a, b] or it is greater or smaller than this value somewhere in between a and b. In either case,
by the FACT mentioned before there is an absolute extremum (maximum or minimum) in
between, NOT at x = a or x = b. So this will be also be a local maximum or minimum. Since
the function is differentiable everywhere in between, by Fermat’s theorem the derivative will
be zero at that point.

MVT: Use Rolle’s theorem on g(x) = f(x)− (mx + b) where y = mx + b is the equation
of secant line. Then since the secant passes through (a, f(a)) and (b, f(b)) you can check
that g(x) will be zero at those points. Thus g(a) = g(b) = 0 and it satisfies the condition for
Rolle’s theorem. Now f is continuous on [a, b] and differentiable in (a, b) and mx+b is a linear
function it is clearly continuous on [a, b] and differentiable in (a, b). So g(x) = f(x)−(mx+b)
also satisfies the conditions for Rolle’s theorem. Hence by Rolle’s theorem it will have a
critical point c where g′(c) = 0. But then this just says f ′(c)−m = 0 =⇒ f ′(c) = m with
f ′(c) being the slope of tangent and m is just the slope of the secant line!

MVT (Mean Value Theorem) is just an extension of Rolle’s theorem!

You can think of Rolle’s theorem as saying that the tangent line at some point
in (a, b) will be parallel to the x−axis but the x−axis IS the secant line
from (a, 0) to (b, 0)!!
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Problem 4.2.16:

Find the number c that shows f(x) = e−x satisfies MVT on [0,2]. Are the secant and
tangent lines parallel?

0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

Note: If you find the point as predicted by the MVT, then of course the
secant and tangent lines will be parallel at that point. Solution below.
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Problem 4.2.22:

Show that x4 + 4x + c = 0 has at most two real roots.
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Problem 4.1.52:

Find the absolute maximum and minimum of (t2 − 4)3 = 0 in [-2,3].

NOTE: The Extreme Value Theorem (denoted by “FACT”) guarantees that
they will exist because (t2 − 4)3 is continuous and differentiable

everywhere, so in particular in [-2,3].
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